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Synchronizing Chaotic Systems CHEN-LUby
Fractional Order Using Active Sliding Mode
Controller and Optimizing Parameters by PSO
Algorithm

Toktam motamedifar, Mahdi yaghoobi

Abstract— Chaotic behavior of dynamic systems can be observed in many real applications such as circuits - power systems — medicine —
electrochemical biology. Chaos is one of the most interesting subjects attracted specialists’ attention in different scientific areas. This
research is aimed at studying chaos in fractional order systems CHEN — Lu. A sliding mode controller is then considered for synchronizing
fractional order chaotic systems with based and follower structure. For optimization ofthe parameters of this controller, particle swarm
optimization (PSO) algorithm is used. Finally, the numerical simulation shows that this method needs less time for synchronization than

similar methods.
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1.INTRODUCTION

Fractional differential calculus relates back to about 300 years
ago. However, its applications in physics and engineering
have started in recent decades. Many systems in interdiscipli-
nary areas can be modeled by fractional order derivatives [1].
Controlling and synchronizing chaotic systems have been one
of the most interesting subjects in recent years and attracted
scientists’ attention.

For example, in [2], synchronization of the integrated fraction-
al order chaotic systems has been studied. [4] presents control
based on active sliding mode controllerfor synchronization of
fractional order chaotic system. [5] uses fractional Routh-
Horowitz conditions for controlling fractional order chaos in
Duffing-VandePol system. In [6], a smart fractional sliding
surface has been defined and a sliding controller has been
studied for a nonlinear system. The new fractional order hy-
per-chaotic system has been presented in [7] and designed by
placing pole for synchronizing a class of non-linear fractional
order systems. [8] studies the coordination between fractional
order chaotic system. A simple but efficient method has been
presented in [9] for controlling the fractional chaotic system
using T-S fuzzy model and an adaptive regulation mechanism.

2. SYSTEMS WITH FRACTIONAL DERIVATIVES
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Despite of complications of differential calculus, recent advance-
ments in chaotic systems and the close relationship between frac-

tals and fractional calculus have grown interests in applying it.
Fractional calculus has a wider range than correct derivative. If
we use fractional order instead of correct order derivative or inte-
gral, we should use fractional calculus for solving derivative and
fractional integral.

Derivative-integrator operator is shown by a Dta . This operator is
a sign for taking derivative and fractional

Grunwald-Letnikov, Riemann-Liouville, and Caputo al€ defini-
tions that are applied for fractional derivatives.
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Its Laplace transform is as follows:
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3. PROBLEM DESCRIPTION
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Synchrony has a Greek root meaning to share the common
time. The principle meaning of this word has been kept in or-
dinary application referring to settlement or affinity. Analysis
of synchronization in dynamic systems has been a subject of
considerable debate in physics as an important matter. The
origin of this phenomenon relates back to 17th century when
the second phase of pendulum clock hanging from a point and
there was a weak coupling between them coordinate with each
other. Later on, other samples of such phenomena were also
observed. Recently, studies have extended to chaotic systems.
As we know, chaotic systems are sensitive to primary condi-
tions. Because of this property, these systems oppose to syn-
chronization by nature. Even two totally similar systems start-
ing to work with trivial differences gradually lose their coor-
dination over times.

Chen’s system is defined by the following equations:

02%x = a(y —x)
0%fy = (c — a)x — xz + cy. 3)
02z = xy — bz

Lou system is defined as follows:

0Pfx = p(y —x)

0Pty = —xz + vy. (4)

0Ptz = xy — pz

Here, the synchronization of two chaotic systems Chen-Lu is
studied based on Lyapunov theorem and active sliding mode
controller.

4. DESIGNING ACTIVE SLIDING MODE CONTROLLER

In this part, we obtained controller for follower-based frac-
tional system using active sliding mode controller. Systems’
order is the same. The method of designing the active sliding
mode controller is a combination of active controller and slid-
ing mode controller.

Consider a chaotic system with fractional order q (0 <q <1). It
is described by a fractional differential equation as follows:

q —
oDex1 = Arxy + 91 (x1) )
x1(t) € R3shows that the vector system is three-
dimensional. A; € R 3*34s the linear part of dynamic system

and g1: R® - R3is the nonlinear part of the system. Rela-
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tion 10 is the based system (Master). Controller u(t) € R3is
added to the follower system (slave) and obtained as follows:

OD;le = Ayx; + g2(x3) (6)

Xy € R3is the three dimensional state vector of the follower

system. And, g5: R3, A, € R3*3 is the similar role of A, gl
in the based system.

Synchronization means finding the control signal of u(t) €

R3 to close the state of the follower system to the based state.
To reach this goal, we can define the dynamic error of coordi-

nation as follows:

(7)
Dfe = Ayx, + gy(x3) — Ayxq — g1(x1) +
u(t) = A, + G(xq, x3) + ul(t)
We have e = x1 - x2 and

G(xq,x3) = g2(x3) — g1 (x1) + (A2 — A)xy 8)

To simplify, we substitute that the linear part of the follower sys-
tem with Matrix A = A2. The main aim is to design controller

u(t) € R3 tohave:

limt—mo”e(t)” = O

)

According to the method of designing active controller [6], the
nonlinear part of dynamic error is eliminated by choosing the

input vector:

u(t) = H(t) - G(xy,x2)  (10)
The error of system (7) is rewritten as bellow:
oDle=A,+H(®) (11)

The equation 11 describes the error dynamic by a new definition
for the input of controller H (t). In active sliding mode controller,
H(t) is developed based on sliding mode rules:

Ht)=kw ) (12)

K = [k1, ko, ks]" is the fixed gain vector and W(t) € R3 is the
controller input which is defined as bellow:
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wt(t)s(e) =0
w(t) = (13)

w™(t)s(e) <0

S =5 € is the switching surface where dynamics are placed in its
favorable zone. As a result, dynamic error is:
q, _
Die=A, +kw(®) (14)
According to what was mentioned before, the good sliding con-

troller is achieved based on developing the theory of sliding mode
control [10-5].

1-4 Developing the Sliding Surface

The sliding surface can be determined as bellows:

s=Ce (15)

C=[cl, c2, c3] is the fixed vector. By solvings (e) = 0, which is
the required condition, the equivalent control is achieved. S € =0
is a condition for the state curve to remain in the switching level.

Thus, in sliding mode controller, the two following conditions
should be met:

S(e)=0 , s(e)=0 (16)
2-4 Developing Sliding Mode Controller

In designing the constant, we consider the relative convergent
speed. Accordingly, the condition of reaching is chosen as fol-

lows:

(17)

Sgn (0) is the sign function. Gains p> 0 and r > 0 are determined to

oDt %5 = —psgn(s) —rs

meet the sliding conditions and the sliding mode movement then

occurs.
According to equations 14 and 17,

OD:_qs=C0D?e=C[Ae+KW(t)]

(18)
Now from equations 17 and 18, the input control is determined:
a9  w() =—(CK)CEI + A)e + psgn(s)]

To define the optimum value r and p, we can use a generic algo-
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The fit function for PSO is defined as follows[12]:

1. Itis considered as desirable in terms of speed pursuit.

2.  Based on an error index

Fitness = f el? + e2% + e3%dt (20)

Table 1: parameters of particle swarm optimization

Number of Updates 50
Number of Primary Population 50
r [0 100]
o) [0 100]
W 0.9
Ci 0.12
C2 1.2

6. NUMERICAL SIMULATION

Here, the numerical simulation results obtained by MATLAB for
chaotic systems with similar order Chen-Lu:

1-6 Synchronization of two fractional order systems Lu
and Chen

In this section, we apply active sliding mode controller by two
fractional order systems Lu and Chen. Assume, Chen system fol-
lows Lu system. Accordingly Master and Slave systems are as
follows:

000 7 =350 )

0.9, __ —(7.—

0Pt =AY (oY) = (44
09, _, .\ _

0Pt TN

ODIO'QX 2 =35(Y,—X,)

thOlgyz =—7X,—X,Z,+28Y,, (XzonZo’zzo):(l’g’_l)

09, _
0Dt Z,=X,Y,-3z,

X1, y1, and z1 are the variables of Master system and x2, y2 and z2
are the variables of Slave system and q is the order of fractional

rithm. To do this, we employed particle swarm optimization Jerivative.
(PSO).
5.PSO
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The purpose is to design the control signal in the condition of

synchronization of two systems using active sliding mode con-

troller.

A%

The simulation results for this state are as follows:
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Figure 2: synchronization Tesults of two fractional chaotic
systems

5. CONCLUSION

Regarding the simulation results in Lu-Chen for q = 0.9, the
usefulness of active sliding mode controller in fractional state
is concluded. By an optimal chose, the controller parameters of
based and follower systems have been synchronized. It is,
thus, observed that all three states have been synchronized in
less than 0.4 seconds which has been reduced comparing with
similar methods.
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